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g. Explain, illustrate, and identify the effect of simple coordinate transformations 
on the graph of a function. 

• Interpret the graph of y = f(x – a) as the graph of y = f(x) shifted 
  

 

a  units to the 

right (a > 0) or the left (a < 0). 

• Interpret the graph of y = f(x) + a as the graph of y = f(x) shifted 
  

 

a  units up (a > 

0) or down (a < 0). 

• Interpret the graph of y = f(ax) as the graph of y = f(x) expanded horizontally by a 

factor of 

    

 

1

a

 if 
    

 

0 < a < 1  or compressed horizontally by a factor of 
  

 

a  if 
    

 

a > 1  and 

reflected over the y-axis if a < 0. 

• Interpret the graph of y = af(x) as the graph of y = f(x) compressed vertically by a 

factor of 

    

 

1

a
 if 

    

 

0 < a < 1  or expanded vertically by a factor of 
  

 

a  if 
    

 

a > 1  and reflected 

over the x-axis if a < 0. 

A.C.2 Polynomial functions  

a. Transform quadratic functions and interpret their graphical forms. 

• Write a quadratic function in polynomial or standard form, f(x) = ax2 + bx + c, to 
identify the y-intercept of the function’s parabolic graph or the x-coordinate of its 

vertex, 
    

 

x = ! b

2a
. 

• Write a quadratic function in factored form, f(x) = a(x – b)(x – c), to identify the 
zeros of the function’s parabolic graph. 

• Write a quadratic function in vertex form, f(x) = a(x – h)2 + k, to identify the vertex 
and axis of symmetry of the function. 

• Describe the effect that changes in the leading coefficient or constant term of f(x) = 
ax2 + bx + c have on the shape, position, and characteristics of the graph of f(x). 

Examples: If a and c have opposite signs, then the zeros of the quadratic function 
must be real and have opposite signs; varying c varies the y-intercept of the graph 
of the parabola; if a is positive, the parabola opens up, if a is negative, it opens 
down; as |a| increases, the graph of the parabola is stretched vertically, i.e., it looks 
narrower. 

• Determine domain and range, intercepts, axis of symmetry, and maximum or 
minimum for quadratic functions whose intercepts and vertices are real. 

b. Analyze polynomial functions and identify their key characteristics. 

• Know that polynomial functions of degree n have the general form f(x) = axn + bxn–1 
+ … + px2 + qx + r for n an integer, n ≥ 0 and a ≠ 0. 
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The degree of the polynomial function is the largest power of its terms for which the 
coefficient is non-zero. 

• Know that a power function with an exponent that is a positive integer is a particular 
type of polynomial function, called a monomial, whose graph contains the origin. 

• Distinguish among polynomial functions of low degree, i.e., constant functions, linear 
functions, quadratic functions, or cubic functions. 

• Explain why every polynomial function of odd degree has at least one zero. 

• Communicate understanding of the concept of the multiplicity of a root of a 
polynomial equation and its relationship to the graph of the related polynomial 
function. 

If a zero, r1, of a polynomial function has multiplicity 3, 
    

 

x ! r1( )
3

 is a factor of the 

polynomial. The graph of the polynomial touches the horizontal axis at r1 but does 
not change sign (does not cross the axis) if the multiplicity of r1 is even; it changes 
sign (crosses over the axis) if the multiplicity is odd. 

c. Use key characteristics to identify the graphs of simple polynomial functions. 

Simple polynomial functions include constant functions, linear functions, quadratic 
functions such as f(x) = ax2 + b or g(x) = (x – a)(x + b), or cubic functions such as 
f(x) = x3, f(x) = x3 – a, or f(x) = x(x – a)(x + b). 

• Decide if a given graph or table of values suggests a simple polynomial function. 

• Distinguish between the graphs of simple polynomial functions. 

• Where possible, determine the domain, range, intercepts, and end behavior of 
polynomial functions. 

It is not always possible to determine exact horizontal intercepts. 

d. Recognize and solve problems that can be modeled using simple polynomial 
functions; interpret the solution(s) in terms of the context of the problem. 

• Use polynomial functions to represent quantities arising from numeric or geometric 
contexts such as length, area, and volume.  

Examples: The number of diagonals of a polygon as a function of the number of 
sides; the areas of simple plane figures as functions of their linear dimensions; the 
surface areas of simple three-dimensional solids as functions of their linear 
dimensions; the sum of the first n integers as a function of n. 

• Solve simple polynomial equations and use technology to approximate solutions for 
more complex polynomial equations.  

A.C.3 Polynomial and rational expressions and equations 

a. Solve and graph quadratic equations having real solutions using a variety of 
methods. 
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• Solve quadratic equations having real solutions by factoring, by completing the 
square, and by using the quadratic formula.  

• Use a calculator to approximate the roots of a quadratic equation and as an aid in 
graphing. 

• Select and explain a method of solution (e.g., exact vs. approximate) that is 
effective and appropriate to a given problem.  

b. Relate the coefficients a, b and c of the quadratic equation ax2 + bx + c = 0 to 
its roots. 

• Describe how the discriminant D = b2 – 4ac indicates the nature of the roots of the 
equation ax2 + bx + c = 0. 

The roots are real and distinct if D > 0, real and equal if D = 0, and not real if D < 0.  

• Use the quadratic formula to prove that the abscissa of the vertex of the 
corresponding parabola is halfway between the roots of the equation. 

c. Distinguish among linear, exponential, polynomial, rational and power 
expressions, equations, and functions by their symbolic form. 

• Use the position of the variable in a term to determine the classification of the 
related expression, equation, or function. 

Examples: f(x) = 3x is an exponential function because the variable is in the 
exponent, while f(x) = x3 has the variable in the position of a base and is a power 
function; f(x) = x3 – 5 is a polynomial function but not a power function because of 
the added constant. 

d. Perform operations on polynomial expressions. 

In general, a polynomial expression is any expression equivalent to one of the form 
axn + bxn–1 + … + px2 + qx + r for n an integer, n ≥ 0 and a ≠ 0. A polynomial 
expression is a sum of monomials.  

• Add, subtract, multiply, and factor polynomials. 

• Divide one polynomial by a lower-degree polynomial. 

e. Know and use the binomial expansion theorem. 

• Relate the expansion of (a + b)n to the possible outcomes of a binomial experiment 
and the nth row of Pascal’s triangle. 

f. Use factoring to reduce rational expressions that consist of the quotient of two 
simple polynomials. 

g. Perform operations on simple rational expressions. 

Simple rational expressions are those whose denominators are linear or quadratic 
polynomial expressions. 

• Add, subtract, multiply, and divide rational expressions having monomial or binomial 
denominators. 
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• Rewrite complex fractions composed of simple rational expressions as a simple 
fraction in lowest terms. 

Example: 

    

 

a + b( )
1

a
+

1

b

! 

" 
# 

$ 

% 
& 

=
a + b( )
b + a( )
ab

= a + b( ) •
ab

b + a( )
= ab. 

A.D.1 General quadratic equations and inequalities 

a. Solve and graph quadratic equations having complex solutions. 

• Use the quadratic formula to solve any quadratic equation and write it as a product 
of linear factors.  

• Use the discriminant D = b2 – 4ac, to determine the nature of the roots of the 
equation ax2 + bx + c = 0. 

• Show that complex roots of a quadratic equation having real coefficients occur in 
conjugate pairs. 

b. Solve and graph quadratic inequalities in one or two variables. 

Example: Solve (x – 5)(x + 1) > 0 and relate the solution to the graph of (x – 5)(x + 
1) > y.  

c. Manipulate simple quadratic equations to extract information. 

Example: Use the completing the square method to determine the center and radius 
of a circle from its equation given in general form.  

A.D.2 Rational and radical equations and functions 

a. Solve simple rational and radical equations in one variable.  

• Use algebraic, numerical, graphical, and/or technological means to solve rational 
equations. 

• Use algebraic, numerical, graphical, and/or technological means to solve equations 
involving a radical. 

• Know which operations on an equation produce an equation with the same solutions 
and which may produce an equation with fewer or more solutions (lost or extraneous 
roots) and adjust solution methods accordingly. 

b. Graph simple rational and radical functions in two variables. 

• Graph rational functions in two variables; identify the domain, range, intercepts, 
zeros, and asymptotes of the graph. 

• Graph simple radical functions in two variables; identify the domain, range, 
intercepts, and zeros of the graph. 
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• Relate the algebraic properties of a rational or radical function to the geometric 
properties of its graph. 

Examples: The graph of 
  

f x( ) =
x ! 2

x
2
!1

 has vertical asymptotes at x = 1 and x = –1, 

while the graph of 
  

f x( ) =
x ! 2

x
2
! 4

 has a vertical asymptote at x = –2 but a hole at (2, 

¼); the graph of 
  
f x( ) = x + 5 ! 2  is the same as the graph of 

 
f x( ) = x  translated 

five units to the left and 2 units down. 

A.E.1 Trigonometric functions 

a. Relate sine and cosine functions to a central angle of the unit circle. 

• Interpret the sine, cosine, and tangent functions corresponding to a central angle of 
the unit circle in terms of horizontal and vertical sides of right triangles based on that 
central angle. 

b. Define and graph trigonometric functions over the real numbers.  

• Use the unit circle to extend the domain of the sine and cosine function to the set of 
real numbers.  

• Explain and use radian measures for angles; convert between radian and degree 
measure. 

• Create, interpret, and identify key characteristics (period, amplitude, vertical shift, 
phase shift) of basic trigonometric graphs (sine, cosine, tangent). 

• Identify the zeros of trigonometric functions that have a vertical shift of 0. 

• Describe the effect that changes in each of the coefficients of f(x) = A sin B(x - C) + 
D have on the position and key characteristics of the graph of f(x). 

c. Analyze periodic functions and identify their key characteristics.  

Periodic functions are used to describe cyclic behaviors. 

• Recognize periodic phenomena.  

Examples: The height above the pavement of a point on the tread of a truck tire; the 
length of time from sunrise to sunset over a 10–year period. 

• Identify the length of a cycle in situations exhibiting periodic behavior and use it to 
make predictions.  

• Use basic properties of frequency and amplitude to solve problems. 

• Recognize that the graphs of trigonometric functions represent periodic behavior. 

d. Recognize and solve problems that can be modeled using equations and 
inequalities involving trigonometric functions. 
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Examples: Circular motion as in approximate orbits, water wheels, or Ferris wheels; 
periodic behavior as in sound waves, tides, or minutes of daylight. 

• Demonstrate graphically the relation between the sine function and common 
examples of harmonic motion. 

e. Derive and use basic trigonometric identities.  

• Derive the basic Pythagorean identities for sine and cosine, for tangent and secant, 
and for cotangent and cosecant.  

• Know and use the angle addition formulas for sine, cosine, and tangent. 

• Derive and use formulas for sine, cosine, and tangent of double angles.  

f. Solve geometric problems using the sine and cosine functions.  

• Know and use the Law of Sines and the Law of Cosines to solve problems involving 
triangles.  

• Know and use the area formula Area = ab sin(C) to determine the area of triangle 
ABC. 

A.E.2 Matrices and linear equations 

a. Know and use matrix notation for rows, columns, and entries of cells. 

b. Compute the determinant of a 2x2 or 3x3 matrix. 

c. Know and perform addition, subtraction, and scalar multiplication of matrices. 

• Recognize that matrix addition is associative and commutative and explain why that 
is the case.  

• Distinguish between multiplication of a matrix by a scalar (a number or variable 
representing a number) and the multiplication of two matrices.  

d. Know and perform matrix multiplication. 

• Describe the characteristics of matrices that can be multiplied and those that cannot.  

• Utilize knowledge of the algorithm for matrix multiplication. Compute the product by 
hand for 2 x 2 or 3 x 3 matrices and use technology for matrices of larger dimension.  

• Know that matrix multiplication is not commutative and provide examples of square 
matrices A and B such that AB ≠ BA.  

• Know and apply the associative property of matrix multiplication. 

The associative property of matrix multiplication states that if there are three 
matrices, A, B, and C such that AB and BC are defined, then (AB)C and A(BC) are 
defined and (AB)C = A(BC). 
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e. Relate vector and matrix operations to transformations in the coordinate plane. 

• Interpret vector and matrix addition as translation in the coordinate plane. 

Examples: If vector   v
!"

 = (x, y), then   v
!"

 + (–1, 6) represents the translation of the 

plane 1 unit to the left and 6 units up; 
  

 

3

1

! 

" 

# 

$ 

% 

& +
'1

6

! 

" 

# 

$ 

% 

& =
2

7

! 

" 

# 

$ 

% 

&  is a way of representing the 

translation of the point A(3, 1) to the left 1 unit and up 6 units; combining 

  

 

3

1

! 

" 

# 

$ 

% 

& +
'1

6

! 

" 

# 

$ 

% 

& =
2

7

! 

" 

# 

$ 

% 

& , 
  

 

!2

0

" 

# 

$ 

% 

& 

' +
!1

6

" 

# 

$ 

% 

& 

' =
!3

6

" 

# 

$ 

% 

& 

'  and 
  

 

4

5

! 

" 

# 

$ 

% 

& +
'1

6

! 

" 

# 

$ 

% 

& =
3

11

! 

" 

# 

$ 

% 

&  describes the translation of the 

triangle A(3,1), B(–2,0), C(4,5) to the left 1 unit and up 6 units to the new triangle 
A’(2,7), B’(–3,6), C’(3,11), which is congruent to triangle ABC.  

• Interpret matrix multiplication as reflection about the axes or rotation about the 
origin in the coordinate plane. 

Examples: 
  

 

!1 0

0 !1

" 

# 

$ 

% 

& 

' •
3

1

" 

# 

$ 

% 

& 

' =
!3

!1

" 

# 

$ 

% 

& 

'  represents the rotation of the point A(3, 1) 180° about 

the origin; 
  

 

!1 0

0 1

" 

# 

$ 

% 

& 

' •
3

1

" 

# 

$ 

% 

& 

' =
!3

1

" 

# 

$ 

% 

& 

'  represents the reflection of the point A(3, 1) over the y-

axis.  

f. Apply the concept of inverse to matrix multiplication.  

• Know the definition and properties of the identity matrix. 

• Find the inverse of a 2 x 2 matrix if the inverse exists.  

• Use row reduction to find inverses of 3 x 3 matrices when the inverses exist. 

• Use the inverse of a matrix, when one exists, to solve a matrix equation. 

g. Write and solve systems of 2 x 2 and 3 x 3 linear equations in matrix form. 

• Switch between equation notation and matrix notation for linear systems.  

• Solve linear systems by row reduction.  

• Solve linear systems using the inverse matrix. 

If the inverse of a matrix associated with a linear system involving the same number 
of distinct equations as variables does not exist, then it is not always possible to 
solve the system; when it is possible, there will be infinitely many solutions. 

A.E.3 Operations on functions  

a. Compare and contrast properties of different types (families) of functions. 

These types (families) include algebraic (linear, quadratic, polynomial, rational), 
piecewise (absolute value, step, piecewise-linear), and transcendental 
(trigonometric, exponential, logarithmic). 

• Determine key characteristics of a function (e.g., domain, range, zeros, symmetries, 
asymptotes, end behavior) from its context or from its symbolic or graphical form. 
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Some details (e.g., range) may require technological assistance to determine. 

• Recognize and solve problems that can be modeled with various types (families) of 
functions. 

b. Analyze the transformations of a function from its graph, formula, or verbal 
description.  

• Select a prototypical representation for each family of functions. 

Examples: f(x) = x2 is a prototype for quadratic functions; g(x) = sin(x) is a 
prototypical trigonometric function. 

• Analyze a graph to identify properties that provide useful information about a given 
context. 

• Identify changes in the graph of a function related to various transformations 
(vertical/horizontal translations, reflections over the x- or y-axis, 
dilation/contraction) and relate them to changes in the function’s algebraic 
representation.  

Example: The graph of f(x) = –3x2 + 4 is a vertical dilation by a factor of 3 of the 
prototype f(x) = x2 followed by a reflection over the x-axis and a translation 4 units 
up. The resulting vertex of the parabola (0, 4) reflects these transformations and is 
evident when f(x) = –3x2 + 4 is compared to the vertex form of a parabola f(x) = 
a(x – h)2 + k. 

c. Compute the sum, difference, product, and quotient of two functions. 

d. Determine the composition of simple functions, including any necessary 
restrictions on the domain. 

• Know the relationships among the identity function, composition of functions, and 
the inverse of a function, along with implications for the domain. 

A.E.4 Inverse functions 

a. Analyze characteristics of inverse functions. 

• Identify the conditions under which the inverse of a function is a function. 

• Determine whether two given functions are inverses of each other. 

• Explain why the graph of a function and its inverse are reflections of one another 
over the line y = x. 

b. Determine the inverse of linear and simple non-linear functions, including any 
necessary restrictions on the domain. 

• Determine the inverse of a simple polynomial or simple rational function. 

• Identify a logarithmic function as the inverse of an exponential function. 
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If xy = z, x > 0, x ≠ 1, and z > 0, then y is the logarithm to the base x of z. The 
logarithm y=logxz is one of three equivalent forms of expressing the relation xy = z 

(the other being x=   

 

z
y ). 

Example: 
    

 

If 5a
= b, then log5 b( ) = a .  

c. Apply properties of logarithms to solve equations and problems and to prove 
theorems. 

• Know and use the definition of logarithm of a number and its relation to exponents. 

Examples: log232 = log22
5 = 5; if x = log103, then 10x = 3 and vice versa.  

• Use properties of logarithms to manipulate logarithmic expressions in order to 
extract information.  

• Use logarithms to express and solve problems.  

Example: Explain why the number of digits in the binary representation of a decimal 
number N is approximately the logarithm to base 2 of N. 

• Solve logarithmic equations; use logarithms to solve exponential equations. 

Examples: log(x – 3) + log(x – 1) = 0.1; 5x = 8.  

• Prove basic properties of logarithms using properties of exponents (or the inverse 
exponential function).  

A.E.5 Relations  

a. Know the definition of a relation and distinguish non-function relations from 
functions. 

Example: x2 + y2 = 1 defines a relation, but not a function. 

b. Determine whether a function has the characteristics of reflexivity, symmetry, 
and transitivity; know that relations exhibiting these characteristics are 
members of a special class of relations called equivalence relations. 

c. Explain how some geometric concepts, such as equality, parallelism, and 
similarity, can be defined as equivalence relations. 
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Geometry (G) 

Geometry is an ancient mathematical endeavor. The roots of modern geometry were laid by 
Euclid more than twenty-two centuries ago. Since that time, geometry has been an integral 
part of mathematics and a common vehicle for teaching the critical skill of deductive 
reasoning. It offers a physical context in which students can develop and refine intuition, 
leading to the formulation and testing of hypotheses and ultimately resulting in the 
justification of arguments, both formally and informally. Geometry also describes changes in 
objects under such transformations as translation, rotation, reflection, and dilation. It helps 
students understand the structure of space and the nature of spatial relations. The 
measurement aspect of geometry provides a basis by which we quantify the world. 
Geometry is prerequisite for a broad range of activities and leads to methods for resolving 
practical problems; it can help find the best way to fit an oversized object through a door, 
aid in carpentry projects, or provide the basis for industrial tool design. Solving practical 
problems relies to some extent on approximate physical measurements but also rests on 
geometric properties that are exact in nature. The axioms and definitions of geometry 
assure us of such measures as the volume of a cube 1 unit on a side, the measure of an 
angle of an equilateral triangle, or the area of a circle with a given diameter. Grounded in 
such certainty, geometry provides an excellent medium for the development of students’ 
ability to reason and produce thoughtful, logical arguments. 

G.A.1 Angles and triangles 

a. Know the definitions and basic properties of angles and triangles in the plane 
and use them to solve problems. 

• Know and apply the definitions and properties of complementary and supplementary 
angles. 

• Know and apply the definitions and properties of interior and exterior angles.  

b.  Know and prove basic theorems about angles and triangles. 

• Know the triangle inequality and verify it through measurement. 

In words, the triangle inequality states that any side of a triangle is shorter than the 
sum of the other two sides; it can also be stated clearly in symbols: If a, b, and c are 
the lengths of three sides of a triangle, then a < b + c, b < a + c, and c < a + b. 

• Verify that the sum of the measures of the interior angles of a triangle is 180°. 

• Verify that each exterior angle of a triangle is equal to the sum of the opposite 
interior angles. 

• Show that the sum of the interior angles of an n-sided convex polygon is (n – 2) × 
180°.  

A common strategy is to decompose an n-sided convex polygon into n – 2 triangles. 

• Explain why the sum of exterior angles of a convex polygon is 360°. 

A possible explanation is that a person walking completely around the perimeter of a 
convex polygon would have turned through the number of degrees in each external 
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angle at each vertex and would have made one complete revolution when reaching 
the starting point again. So, the sum of exterior angles must be 360°. 

G.A.2 Rigid motions in the plane 

a. Represent and explain the effect of translations, rotations, and reflections of 
objects in the coordinate plane. 

• Identify certain transformations (translations, rotations, and reflections) of objects in 
the plane as rigid motions and describe their characteristics.  

Translation, rotation, and reflection move a polygonal figure in the plane from one 
position to another without changing its linear or angular measurements, i.e. without 
altering its size or shape. 

• Demonstrate the meaning and results of the translation, rotation, and reflection of 
an object through drawings and experiments. 

b. Identify corresponding sides and angles between objects and their images after 
a rigid transformation. 

Corresponding angles are those that lie between edges that correspond under the 
map showing that the triangles have the same size and shape. 

c. Show how any rigid motion of a figure in the plane can be created by some 
combination of translations, rotations, and reflections. 

G.A.3 Measurement 

a. Make, record, and interpret measurements. 

• Recognize that measurements of physical quantities must include the unit of 
measurement, that most measurements permit a variety of appropriate units, and 
that the numerical value of a measurement depends on the choice of unit ,and apply 
these ideas when making such measurements. 

• Recognize that real-world measurements are approximations; identify appropriate 
instruments and units for a given measurement situation, taking into account the 
precision of the measurement desired.  

• Plan and carry out both direct and indirect measurements. 

Indirect measurements are those that are calculated based on actual recorded 
measurements. 

b. Apply units of measure in expressions, equations, and problem situations. 

• When necessary, convert measurements from one unit to another within the same 
system. 

c. Use measures of weight, money, time, information, and temperature.  

• Identify the name and definition of common units for each kind of measurement, 
e.g., kilobytes of computer memory.  
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d. Record measurements to reasonable degrees of precision, using fractions and 
decimals as appropriate. 

A measurement context often defines a reasonable level of precision to which the 
result should be reported. 

Example: The U.S. Census bureau reported a national population of 299,894,924 on 
its Population Clock in mid-October of 2006. Saying that the U.S. population is 3 
hundred million (3x108) is accurate to the nearest million and exhibits to one-digit 
precision. Although by the end of that month the population had surpassed 3 
hundred million, 3x108 remained accurate to one-digit precision. 

G.A.4 Length, area, and volume 

a. Identify and distinguish among measures of length, area, surface area, and 
volume. 

• Identify and distinguish between the perimeter or circumference of a two-
dimensional geometric figure and its area. 

• Identify and distinguish between the surface area of a three-dimensional geometric 
object and its volume. 

b. Calculate the perimeter and area of triangles, quadrilaterals, and shapes that 
can be decomposed into triangles and quadrilaterals that do not overlap. 

• Know and apply formulas for the area and perimeter of triangles and rectangles to 
derive similar formulas for parallelograms, rhombi, trapezoids, and kites. 

c. Determine the surface area of right prisms and pyramids whose base(s) and 
sides are composed of rectangles and triangles. 

d. Know and apply formulas for the surface area of right circular cylinders, right 
circular cones, and spheres. 

• Explain why the surface area of a right circular cylinder is a rectangle whose length is 
the circumference of the base of the cylinder and whose width is the height of the 
cylinder. 

e. Know and apply formulas for the volume of right prisms, right pyramids, right 
circular cylinders, right circular cones, and spheres. 

f. Estimate lengths, areas, surface areas, and volumes of irregular figures and 
objects. 

G.B.1 Angles in the plane 

a. Know and distinguish among the definitions and properties of vertical, adjacent, 
corresponding, and alternate interior angles. 

• When a line intersects two parallel lines, identify pairs of angles that are vertical, 
corresponding, and alternate interior.  
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b. Identify pairs of vertical angles and explain why they are congruent. 

c. Identify pairs of corresponding, alternate interior, and alternate external angles 
in a diagram where two parallel lines are cut by a transversal, and show that 
they are congruent.  

d. Explain why, if two lines are intersected by a third line in such a way as to make 
the corresponding angles, alternate interior angles, or alternate exterior angles 
congruent, then the two original lines must be parallel. 

e. Apply properties of lines and angles to perform basic geometric constructions. 

Example: Using only a straight edge and compass, construct the perpendicular 
bisector of a given line segment and the bisector of a given angle. 

G.B.2 Coordinates and slope 

a. Represent and interpret points, lines, and two-dimensional geometric objects in 
a coordinate plane. 

b. Determine the area of polygons in the coordinate plane. 

• Determine the area of quadrilaterals and triangles situated in a coordinate plane 
whose base/height/length/width are horizontal or vertical line segments. 

• Determine the area of a polygon in the coordinate plane by encasing the figure in a 
rectangle and subtracting the area of extraneous parts. 

Example: Find the area of the shaded pentagon by subtracting the area of the five 
un-shaded triangles from the area of the rectangle shown. 

 

c. Know how the word slope is used in common non-mathematical contexts, give 
physical examples of slope, and calculate slope for given examples. 

• Interpret slope as a physical characteristic. 

Example: The slope of a ramp with horizontal length 12 feet and vertical rise 4 feet is 
4/12 or 1/3.  

• Find the slopes of physical objects (roads, roofs, ramps, stairs) and express the 
answers as a decimal, ratio, or percent. 

d. Calculate the slope of a line in a coordinate plane. 
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• Explain how this relates to slope as a physical characteristic. 

The measurement of slope in a physical context does not include any inherent 
concept of positive or negative direction, as is the case with slope in a coordinate 
plane. 

e. Interpret and describe the slope of parallel and perpendicular lines in a 
coordinate plane.  

• Show that the calculated slope of a line in a coordinate plane is the same no matter 
which two distinct points on the line one uses to calculate the slope. 

• Demonstrate why two non-vertical lines in a coordinate plane are parallel if and only 
if they have the same slope and perpendicular if and only if the product of their 
slopes is –1. 

• Use coordinate geometry to determine the perpendicular bisector of a line segment. 

G.B.3 Pythagorean theorem 

a. Interpret and prove the Pythagorean theorem and its converse.  

The most common proofs employ geometric dissection. 

b. Determine distances between points in the Cartesian coordinate plane.  

• Relate the Pythagorean theorem to this process. 

c. Apply the Pythagorean theorem and its converse to solve problems.  

G.B.4 Circles 

a. Identify and explain the relationships among the radius, diameter, 
circumference, and area of a circle. 

• Identify the relationship between the circumference of a circle and its radius or 
diameter as a direct proportion.  

• Identify the relationship between the area of a circle and the square of its radius or 
the square of its diameter as a direct proportion.  

• Explain why the area of a circle equals its radius times one-half of its circumference. 

One way to "see" this is to slice a circle into many small pie-shaped pieces and then 
match them head to toe. The result will be a bumpy rectangular shape whose height 
is approximately the radius of the circle and whose width is approximately half the 
circumference of the circle. 

b. Show that for any circle, the ratio of the circumference to the diameter is the 
same as the ratio of the area to the square of the radius and that these ratios 
are the same for different circles. 
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• Identify the constant ratio A/r2 = ½Cr/r2 = C/2r = C/d as the number π and show 

that although the rational numbers 3.14, or 
 

22

7
, or 

 

3
1

7
  are often used to 

approximate π, they are not the actual values of the irrational number π. 

• Show that the area of a unit circle (one whose radius is 1) is π.  

• Identify and describe methods for approximating π. 

Examples: Archimedes constructed a paired sequence of regular polygons with 
increasing numbers of sides that inscribed and circumscribed a unit circle and used 
the areas of the polygons to determine upper and lower bounds for the successive 
approximations for the area of the circle—hence of π; the Buffon Needle problem 
provides a method of approximating 
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New computers and software are often tested by calculating π to billions of places. 

c. Know and apply formulas for the circumference and area of a circle. 

• Determine the perimeter and area of a semicircle and a quarter-circle. 

G.B.5 Scaling, dilation, and dimension 

a. Analyze and represent the effects of multiplying the linear dimensions of an 
object in the plane or in space by a constant scale factor, r. 

Example: Multiplying the lengths of the sides of a polygon by r results in a polygon 
having the same shape as the original. 

Mathematically, having the same shape means that the image will have the same 
number of angles and sides as the pre-image, that all angles will preserve their 
measure, and that corresponding sides will be proportional. 

• Use ratios and proportional reasoning to apply a scale factor to a geometric object, a 
drawing, a three-dimensional space, or a model, and analyze the effect. 

b. Describe the effect of a scale factor r on length, area, and volume. 

• Explain why triangles in the plane with corresponding sides having a scale factor r 
have areas related by a factor of r2 and tetrahedrons in space with corresponding 
sides having a scale factor r have volumes related by a factor of r3. 

Since any polygon can be decomposed into a finite number of triangles, it follows 
that any two similar polygons with scale factor r have areas related by a factor of r2. 
A similar argument works for polyhedral figures in space. 

• Extend the concept of scale factor to relate the length, area, and volume of other 
figures and objects. 

Examples: Explain how a change in the length of radius affects the area of a circle 
and the volume of a sphere; compare the metabolic rate of a man with that of 
someone twice his size (the metabolic rate of the human body is proportional to the 
body mass raised to the ¾ power). 
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c. Recognize and use relationships among volumes of common solids. 

• Recognize and apply the 3:2:1 relationship between the volumes of circular 
cylinders, hemispheres, and cones of the same height and circular base. 

• Recognize that the volume of a pyramid is one-third the volume of a prism of the 
same base area and height and use this to solve problems involving such 
measurements.  

d. Interpret and represent origin-centered dilations of objects in the coordinate 
plane. 

A dilation centered at the origin with scale factor r maps the point (x, y) to the point 
(rx, ry). 

Example: In the following figure, triangle A’B’C’ with A’(9,3), B’(12,6), and C’(15,0) 
is the dilation of triangle ABC with A(3,1), B(4,2), and C(5,0). The scale factor for 
this dilation is 3. 

 

• Analyze the effect on an object when it is subjected to an origin-centered dilation. 

The image under an origin-centered dilation will have the same shape as the original 
object.  

• Show that a dilation maps a line to a line with the same slope and that dilations map 
parallel lines to parallel lines (except for those passing through the origin, which do 
not change).  

G.B.6 Similarity and congruence 

a. Interpret the definition and characteristics of similarity for triangles in the 
plane. 

Informally, two geometric objects in the plane are similar if they have the same 
shape. More formally, having the same shape means that one figure can be mapped 
onto the other by means of rigid transformations and/or an origin-centered dilation. 

• Know that two triangles are similar if their corresponding angles have the same 
measure. 

• Know that the ratio formed by dividing the lengths of corresponding sides of similar 
triangles is a constant, often called the constant of proportionality, and determine 
this constant for given similar triangles. 

b. Apply similarity in practical situations. 
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• Calculate the measures of corresponding parts of similar figures. 

• Use the concepts of similarity to create and interpret scale drawings. 

c. Identify and apply conditions that are sufficient to guarantee similarity of 
triangles. 

• Identify two triangles as similar if the ratios of the lengths of corresponding sides are 
equal (SSS criterion), if the ratios of the lengths of two pairs of corresponding sides 
and the measures of the corresponding angles between them are equal (SAS 
criterion), or if two pairs of corresponding angles are congruent (AA criterion). 

• Apply the SSS, SAS, and AA criteria to verify whether or not two triangles are 
similar. 

• Apply the SSS, SAS, and AA criteria to construct a triangle similar to a given triangle 
using straightedge and compass or geometric software. 

• Identify the constant of proportionality and determine the measures of corresponding 
sides and angles for similar triangles. 

• Use similar triangles to demonstrate that the rate of change (slope) associated with 
any two points on a line is a constant. 

• Recognize, use and explain why a line drawn inside a triangle parallel to one side 
forms a smaller triangle similar to the original one.  

d. Explain why congruence is a special case of similarity; determine and apply 
conditions that guarantee congruence of triangles.  

Informally, two figures in the plane are congruent if they have the same size and 
shape. More formally, having the same size and shape means that one figure can be 
mapped into the other by means of a sequence of rigid transformations. 

• Determine whether two plane figures are congruent by showing whether they 
coincide when superimposed by means of a sequence of rigid motions (translation, 
reflection, or rotation). 

• Identify two triangles as congruent if two pairs of corresponding angles and their 
included sides are all equal (ASA criterion). 

e. Apply the definition and characteristics of congruence to make constructions, 
solve problems, and verify basic properties of angles and triangles. 

• Verify that two triangles are congruent if they are formed by drawing a diagonal of a 
parallelogram or by bisecting the vertex angle of an isosceles triangle. 

• Verify that the bisector of the angle opposite the base of an isosceles triangle is the 
perpendicular bisector of the base. 

• Verify that the base angles of an isosceles triangle are equal. 

f. Extend the concepts of similarity and congruence to other polygons in the 
plane. 
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A closed plane figure is called a polygon if all of its edges are line segments, every 
vertex is the endpoint of two sides, and no two sides cross each other. 

• Identify two polygons as similar if have the same number of sides and angles, if 
corresponding angles have the same measure, and if corresponding sides are 
proportional. 

• Identify two polygons as congruent if they are similar and their constant of 
proportionality equals 1. 

• Determine whether or not two polygons are similar.  

• Use examples to show that analogues of the SSS, SAS, and AA criteria for similarity 
of triangles do not work for polygons with more than three sides. 

G.B.7 Visual representations 

a. Relate a net, top-view, or side-view to a three-dimensional object that it might 
represent. 

Sufficient information must be given so that “hidden sections” are well-defined. 

• Visualize and be able to reproduce solids and surfaces in three-dimensional space 
when given two-dimensional representations (e.g., nets, multiple views). 

• Interpret the relative position and size of objects shown in a perspective drawing. 

• Visualize, describe, and identify three-dimensional shapes in different orientations. 

b. Draw two-dimensional representations of three-dimensional objects by hand 
and using software. 

• Sketch two-dimensional representations of basic three-dimensional objects such as 
cubes, spheres, pyramids, and cones. 

• Create a net, top-view, or side-view of a three-dimensional object by hand or using 
software. 

c. Visualize, describe, or sketch the cross-section of a solid cut by a plane that is 
parallel or perpendicular to a side or axis of symmetry of the solid. 

G.B.8 Geometric constructions  

a. Carry out and explain simple straightedge and compass constructions. 

• Copy a line segment, an angle and plane figures; bisect an angle; construct the 
midpoint and perpendicular bisector of a line segment. 

b. Use geometric computer or calculator packages to create and test conjectures 
about geometric properties or relationships. 
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G.C.1 Geometry of a circle  

a. Know and apply the definitions and properties of a circle and the radius, 
diameter, chord, tangent, secant, and circumference of a circle. 

b. Recognize and apply the fact that a tangent to a circle is perpendicular to the 
radius at the point of tangency. 

c. Recognize, verify, and apply statements about the relationships between central 
angles, inscribed angles and the circumference arcs they define. 

• Show that a triangle inscribed on the diameter of a circle is a right triangle. 

d. Recognize, verify, and apply statements about the relationships between 
inscribed and circumscribed angles of a circle and the arcs and segments they 
define. 

An interior angle of a circle is an angle defined by two chords of the circle that 
intersect in the interior of the circle. An exterior angle of a circle is an angle defined 
by two chords of the circle that, when extended, intersect outside the circle.  

Example: Prove that if a radius of a circle is perpendicular to a chord of the circle, 
then it bisects the chord. 

e. Determine the length of line segments and arcs, the size of angles, and the area 
of shapes that they define in complex geometric drawings. 

Examples: Determine the amount of glass in a semi-circular transom; identify the 
coverage of an overlapping circular pattern of irrigation; determine the length of the 
line of sight on the earth’s surface. 

G.C.2 Axioms, theorems, and proofs in geometry 

a. Use geometric examples to illustrate the relationships among undefined terms, 
axioms/postulates, definitions, theorems, and various methods of reasoning. 

• Analyze the consequences of using alternative definitions for geometric objects. 

• Use geometric examples to demonstrate the effect that changing an assumption has 
on the validity of a conclusion. 

b. Present and analyze direct and indirect geometric proofs using paragraphs or 
two-column or flow-chart formats. 

c. Use coordinates and algebraic techniques to interpret, represent, and verify 
geometric relationships.  

Examples: Given the coordinates of the vertices of a quadrilateral, determine 
whether it is a parallelogram; given a line segment in the coordinate plane whose 
endpoints are known, determine its length, midpoint, and slope; find an equation of 
a circle given its center and radius and conversely, given an equation of a circle, find 
its center and radius. 

d. Interpret and use locus definitions to generate two- and three-dimensional 
geometric objects 
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Examples: The locus of points in the plane equidistant from two fixed points is the 
perpendicular bisector of the line segment joining them; the parabola defined as the 
locus of points equidistant from the point (5, 1) and the line y = –5 is 

    

 

y =
1

12
x ! 5( )

2
! 2; the locus of points in space equidistant from a fixed point is a 

sphere. 

e. Recognize that there are geometries other than Euclidean geometry in which 
the parallel postulate is not true. 

G.D.1 Triangle trigonometry 

a. Know the definitions of sine, cosine, and tangent as ratios of sides in a right 
triangle and use trigonometry to calculate the length of sides, measure of 
angles, and area of a triangle. 

b. Show how similarity of right triangles allows the trigonometric functions sine, 
cosine, and tangent to be properly defined as ratios of sides. 

c. Derive, interpret, and use the identity sin2θ  + cos2θ = 1 for angles θ between 0˚ 
and 90˚. 

This identity is a special representation of the Pythagorean theorem.  

G.D.2 Three-dimensional geometry 

a. Analyze cross-sections of basic three-dimensional objects and identify the 
resulting shapes. 

• Describe all possible results of the intersection of a plane with a cube, prism, 
pyramid, or sphere. 

b. Describe the characteristics of the three-dimensional object traced out when a 
one- or two-dimensional figure is rotated about an axis.  

c. Analyze all possible relationships among two or three planes in space and 
identify their intersections. 

• Know that two distinct planes will either be parallel or will intersect in a line. 

• Demonstrate that three distinct planes may be parallel; two of them may be parallel 
to each other and intersect with the third, resulting in two parallel lines; or none may 
be parallel, in which case the three planes intersect in a single point, a single line, or 
by pairs in three parallel lines. 

G.E.1 Spherical geometry 

a. Know and apply the definition of a great circle. 

A great circle of a sphere is the circle formed by the intersection of the sphere with 
the plane defined by any two distinct, non-diametrically opposite points on the 
sphere and the center of the sphere. 
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• Show that arcs of great circles subtending angles of 180 degrees or less provide 
shortest routes between points on the surface of a sphere.  

Since the earth is nearly spherical, this method is used to determine distance 
between distant points on the earth. 

b. Use latitude, longitude, and great circles to solve problems relating to position, 
distance, and displacement on the earth’s surface. 

Displacement is the change in position of an object and takes into account both the 
distance and direction it has moved. 

• Given the latitudes and longitudes of two points on the surface of the Earth, find the 
distance between them along a great circle and the bearing from one point to the 
other. 

Bearing is the direction or angle from one point to the other relative to North = 0°. A 
bearing of N31°E means that the second point is 31° East of a line pointing due 
North of the first point. 

c. Interpret various two-dimensional representations for the surface of a sphere 
(e.g., two-dimensional maps of the Earth), called projections, and explain their 
characteristics. 

Common projections are Mercator (and other cylindrical projections), Orthographic 
and Stereographic (and other Azimuthal projections), pseudo-cylindrical and 
sinusoidal. Each projection has advantages for certain purposes and has its own 
limitations and drawbacks. 

d. Describe geometry on a sphere as an example of a non-Euclidean geometry. 

In spherical geometry, great circles are the counterpart of lines in Euclidean 
geometry. The angles between two great circles are the angles formed by the 
intersecting planes defined by the great circles. 

• Show that on a sphere, parallel lines intersect—that is, the parallel postulate does 
not hold true in this context. 

• Identify and interpret the intersection of lines of latitude with lines of longitude on a 
globe. 

• Recognize that the sum of the degree measures of the interior angles of a triangle on 
a sphere is greater than 180°. 

G.E.2 Vectors 

a. Use vectors to represent quantities that have both magnitude and direction. 

b. Add and subtract vectors, find their dot product, and multiply a vector by a 
scalar; interpret the results.  

c. Use vectors to describe lines in two- and three-dimensional Euclidean space. 

d. Use vectors and their operations to represent situations and solve problems. 



Secondary Mathematics Benchmarks Progressions 50 
Grades 7–12  

May 2008  Achieve, Inc. 

e. Use vectors to represent motions of objects in two and three dimensions. 

f. Apply parametric methods to represent motion of objects. 

G.E.3 Conic sections 

a. Develop and represent conic sections from basic properties. 

• Know and apply the definitions for an ellipse and a hyperbola. 

An ellipse is the locus of all points on the plane the sum of whose distances to two 
given points, called the foci, is constant. A hyperbola is the locus of all points on the 
plane the difference of whose distances to two given points, called the foci, is 
constant.  

• Identify a parabola, circle, ellipse, or hyperbola from its equation or key 
characteristics. 

Example: Know that a conic section whose eccentricity is 1 is a circle; identify  
x = –4y2 + 8y + 15 as a parabola that opens to the left and has an axis of symmetry 
parallel to the x-axis. 

• Derive the equations of circles and parabolas and of ellipses and hyperbolas with 
axes parallel to the coordinate axes and centered at the origin.  

• Describe the effect that changes in the parameters of a particular conic section have 
on its graph. 

• Explain how the key characteristics of standard algebraic forms of ellipses and 
hyperbolas are related to their graphical characteristics and translate between 
algebraic and graphical representations.  

b. Describe how the intersection of a plane with a cone can form a circle, an 
ellipse, a parabola, or a hyperbola depending on the orientation of the plane 
with respect to the axis of the cone. 

c. Apply conic sections in modeling real-world phenomena. 
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Probability and Statistics (PS) 

Probability and statistics allow us to make sense of the enormous mass of data that come 
from measurements of the natural and constructed worlds. Statistical data from opinion 
polls and market research are integral to informing business decisions and governmental 
policies. Many jobs require workers who are able to analyze, interpret, and describe data 
and who can create visual representations of data—charts, graphs, diagrams—to help get a 
point across succinctly and accurately. Moreover, a free society depends on its citizens to 
understand information, evaluate claims presented as facts, detect misrepresentations and 
distortions, and make sound judgments based on available data. Gathering, organizing, 
representing, summarizing, transforming, analyzing, and interpreting data are essential 
mathematical skills incorporated in the study of statistics that help fulfill these needs. 
Statistical reasoning rests on a foundation of probability. The study of probability quantifies 
the likelihood of an event and includes the analysis of odds and risk and the rigorous 
prediction of future events. 

PS.A.1 Simple probability 

a. Represent probabilities using ratios and percents. 

b. Compare probabilities of two or more events and recognize when certain events 
are equally likely. 

c. Use sample spaces to determine the (theoretical) probabilities of events.  

A sample space consists of all of the disjoint (mutually exclusive) outcomes possible 
in a given situation involving chance. 

• Calculate theoretical probabilities in simple models (e.g., dice, coins, spinners). 

d. Know and use the relationship between probability and odds. 

The odds of an event occurring is the ratio of the number of favorable outcomes to 
the number of unfavorable outcomes, whereas the probability is the ratio of 
favorable outcomes to the total number of possible outcomes. 

PS.A.2 Relative frequency and probability 

a. Describe the relationship between probability and relative frequency. 

If an action is repeated n times and a certain event occurs b times, the ratio 
 

b

n
 is 

called the relative frequency of the event occurring. 

• Recognize and use relative frequency as an estimate for probability. 

• Use theoretical probability to determine the most likely result if an experiment is 
repeated a large number of times. 

b. Identify, create, and describe the key characteristics of frequency distributions 
of both discrete and continuous data. 

A frequency distribution shows the number of observations falling into each of 
several ranges of values; if the percentage of observations is shown, the distribution 
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is called a relative frequency distribution. Both frequency and relative frequency 
distributions are portrayed through tables, histograms, or broken-line graphs. 

• Describe key characteristics (e.g., shape, symmetry/skewness, typical value, spread) 
of a frequency distribution. 

• Use a probability distribution to assess the likelihood of the occurrence of an event  

c. Analyze and interpret actual data to estimate probabilities and predict 
outcomes. 

Example: In a sample of 100 randomly selected students, 37 of them could identify 
the difference in two brands of soft drinks. Based on these data, what is the best 
estimate of how many of the 2,352 students in the school could distinguish between 
the soft drinks?  

d. Compare theoretical probabilities with the results of simple experiments (e.g., 
tossing dice, flipping coins, spinning spinners). 

• Explain how the Law of Large Numbers explains the relationship between 
experimental and theoretical probabilities.  

The law of large numbers indicates that if an event of probability p is observed 
repeatedly during independent repetitions, the ratio of the observed frequency of 
that event to the total number of repetitions approaches p as the number of 
repetitions becomes arbitrarily large.” 

• Use simulations to estimate probabilities. 

e.  Compute and graph cumulative frequencies. 

PS.A.3 Question formulation and data collection 

a. Formulate questions about a phenomenon of interest that can be answered with 
data.  

• Recognize the need for data. 

• Understand that data are numbers in context (with units) and identify units. 

• Define measurements that are relevant to the questions posed. 

b. Design a plan to collect appropriate data. 

• Understand the differing roles of a census, a sample survey, an experiment, and an 
observational study. 

• Select a design appropriate to the questions posed. 

• Begin the use of random sampling in sample surveys and the role of random 
assignment in experiments, introducing random sampling as a “fair” way to select an 
unbiased sample. 

c. Collect and record data. 
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• Organize written or computerized data records, making use of computerized 
spreadsheets. 

• Display data on tables, charts, or graphs.  

• Evaluate the accuracy of the data.  

PS.A.4 Linear trends 

a. Determine whether a scatter plot suggests a linear trend. 

b. Visually determine a line of good fit to estimate the relationship in bivariate 
data that suggests a linear trend. 

• Identify criteria that might be used to assess how good the fit is. 

PS.B.1 Compound probability  

a. Calculate probabilities of compound events. 

• Employ Venn diagrams to summarize information concerning compound events. 

• Distinguish between dependent and independent events. 

b. Use probability to interpret odds and risks and recognize common 
misconceptions.  

Examples: After a fair coin has come up heads four times in a row, explain why the 
probability of tails is still 50% in the next toss; analyze the risks associated with a 
particular accident, illness, or course of treatment; assess the odds of winning the 
lottery or being selected in a random drawing. 

c. Show how a two-way frequency table can be used effectively to calculate and 
study relationships among probabilities for two events. 

d. Recognize probability problems that can be represented by geometric diagrams, 
the number line, or in the coordinate plane; represent such situations 
geometrically and apply geometric properties of length or area to calculate the 
probabilities. 

PS.B.2 Analysis and interpretation of categorical and quantitative data  

a. Represent both univariate and bivariate categorical data accurately and 
effectively. 

• For univariate data, make use of frequency and relative frequency tables and bar 
graphs. 

• For bivariate data, make use of two-way frequency and relative frequency tables and 
two-dimensional bar graphs.  
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b. Represent both univariate and bivariate quantitative (measurement) data 
accurately and effectively. 

• For univariate data, make use of line plots (dot plots), stem-and-leaf plots, and 
histograms. 

• For bivariate data, make use of scatter plots. 

• Describe the shape, center, and spread of data distributions. (For bivariate data, a 
scatter plot may have a linear shape with a trend line marking its center and 
distances between the data points and the line showing spread.) 

c. Summarize and compare data sets by using a variety of statistics. 

• For univariate categorical data, use percentages and proportions (relative 
frequencies). 

• For bivariate categorical data, use conditional (row or column) percentages or 
proportions. 

• For univariate quantitative data, use measures of center (mean and median) and 
measures of spread (percentiles, quartiles, and interquartile range). 

• For bivariate quantitative data, use trend lines (linear approximations or best-fit 
line). 

• Graphically represent measures of center and spread (variability) for quantitative 
data. 

• Interpret the slope of a linear trend line in terms of the data being studied.  

• Use box plots to compare key features of data distributions. 

d. Read, interpret, interpolate, and judiciously extrapolate from graphs and tables. 

Extrapolation depends on the questionable assumption that the trend indicated 
continues beyond the known data. 

e. Judge accuracy, reasonableness, and potential for misrepresentation. 

• Identify and explain misleading uses of data by considering the completeness and 
source of the data, the design of the study, and the way the data are analyzed and 
displayed. 

Examples: Determine whether the height or area of a bar graph is being used to 
represent the data; evaluate whether the scales of a graph are consistent and 
appropriate or whether they are being adjusted to alter the visual information 
conveyed. 

f. Interpret data and communicate conclusions. 

• State conclusions in terms of the question(s) being investigated. 
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• Use appropriate statistical language when reporting on plausible answers that go 
beyond the data actually observed.  

• Use oral, written, graphic, pictorial, or multi-media methods to create and present 
manuals and reports. 

PS.C.1 Probability distributions  

a. Identify and distinguish between discrete and continuous probability 
distributions. 

• Reason from empirical distributions of data to make assumptions about their 
underlying theoretical distributions. 

b. Know and use the chief characteristics of the normal distribution. 

The normal (or Gaussian) distribution is actually a family of mathematical functions 
that are symmetric in shape with scores more concentrated in the middle than in the 
tails. They are sometimes described as bell shaped. Normal distributions may have 
differing centers (means) and scale (standard deviation). The standard normal 
distribution is the normal distribution with a mean of zero and a standard deviation 
of one. In normal distributions, approximately 68% of the data lie within one 
standard deviation of the mean and 95% within two. 

• Demonstrate that the mean and standard deviation of a normal distribution can vary 
independently of each other (e.g., that two normal distributions with the same mean 
can have different standard deviations). 

• Identify common examples that fit the normal distribution (height, weight) and 
examples that do not (salaries, housing prices, size of cities) and explain the 
distinguishing characteristics of each. 

c. Calculate and use the mean and standard deviation to describe the 
characteristics of a distribution.  

d. Understand how to calculate and interpret the expected value of a random 
variable having a discrete probability distribution. 

PS.C.2  Correlation and regression 

a. Determine a line of good fit for a scatter plot. 

• Identify and evaluate methods of determining the goodness of fit of a linear model 
(e.g., pass through the most points, minimize the sum of the absolute deviations, 
minimize the sum of the square of the deviations). 

• Use a computer or a graphing calculator to determine a linear regression equation 
(least-squares line) as a model for data that suggest a linear trend, and understand 
the criteria it satisfies for goodness of fit. 

The linear regression equation for a set of data minimizes the sum of the squared 
vertical deviations of the points from the line and passes through the point 

    

 

x , y ( ) , 
where   

 

x  is the mean of the x-coordinates of the data points and   

 

y  is the mean of 
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the y-coordinates of the data points. The linear regression line is often called the line 
of best fit. 

• Identify the effect of outliers on the position and slope of the regression line.  

• Interpret the slope of the regression line in the context of the relationship being 
modeled.  

• Construct and interpret residual plots to assess the goodness of fit of a regression 
line. 

b. Determine and interpret correlation coefficients. 

Be alert to the risk of confusing correlation with causation. 

• Recognize correlation as a number between –1 and +1 that measures the strength of 
linear association between two variables. 

• Use the relationship among the standard deviations, correlation coefficients, and 
slope of the regression line to assess the strength of association suggested by the 
underlying scatter plot. 

PS.D.1 Sample surveys, experiments, and observational studies 

a. Describe the nature and purpose of sample surveys, experiments, and 
observational studies, relating each to the types of research questions they are 
best suited to address. 

• Identify specific research questions that can be addressed by different techniques for 
collecting data. 

• Critique various methods of data collection used in real-world problems, such as a 
clinical trial in medicine, an opinion poll, or a report on the effect of smoking on 
health. 

b. Recognize and explain the rationale for using randomness in research designs. 

• Distinguish between random sampling from a population in sample surveys and 
random assignment of treatments to experimental units in an experiment.  

Random sampling is how items are selected from a population so that the sample 
data can be used to estimate characteristics of the population; random assignment is 
how treatments are assigned to experimental units so that comparisons among the 
treatment groups can allow cause-and-effect conclusions to be made.  

c. Use simulations to analyze and interpret key concepts of statistical inference. 

• Analyze and interpret the notion of margin of error and how it relates to the design 
of a study and to sample size. 

• Analyze and interpret the basic notion of confidence interval and how it relates to 
margin of error. 
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• Analyze and interpret the notion of p-value and how it relates to the interpretation of 
results from a randomized experiment. 

d. Plan and conduct sample surveys to estimate population characteristics and 
experiments to compare treatments.  

e. Explain why observational studies generally do not lead to good estimates of 
population characteristics or cause-and-effect conclusions regarding 
treatments. 

PS.D.2 Risks and decisions 

a. Apply probability to practical situations to make informed decisions. 

• Communicate an understanding of the inverse relation of risk and return.  

• Explain the benefits of diversifying risk.  

PS.E.1 Transformations of data 

a. Explore transformations of data for the purpose of “linearizing” a scatter plot 
that exhibits curvature. 

• Use squaring, square root, reciprocal, and logarithmic functions to transform data.  

• Interpret the results of specific transformations in terms of what they indicate about 
the trend of the original data. 

b. Estimate the rate of exponential growth or decay by fitting a regression model 
to appropriate data transformed by logarithms. 

c. Estimate the exponent in a power model by fitting a regression model to 
appropriate data transformed by logarithms. 

d. Analyze how linear transformations of data affect measures of center and 
spread, the slope of a regression line and the correlation coefficient. 

PS.E.2 Advanced probability 

a. Interpret and use the Central Limit Theorem: The distribution of the average of 
independent samples approaches a normal distribution. 

• Use computer simulations to demonstrate the Central Limit Theorem. 

b. Know and use equations for the binomial and normal distributions. 

c. Use and interpret the normal approximation to the binomial distribution. 

d. Calculate and apply expected value. 
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PS.E.3 Cross-classified data 

a. Recognize problems that call for the use of conditional probability and calculate 
conditional probability in such cases. 

• Analyze conditional probabilities using two-way and three-way tables. 

• Use and interpret Boolean (and, or, not) operators in the context of two-way and 
three-way tables. 

Example: Student participation on sports teams in relation to Title IX gender equity 
goals. 

b. Use contingency tables to analyze categorical data. 

• Understand and illustrate Simpson's Paradox and other data-based paradoxes. 

c. Use χ2 tests to evaluate significance of conditional probabilities. 

PS.E.4 Statistical reasoning 

a. Explain the protocol for hypothesis testing and apply it in problem situations. 

b. Explain statistical estimation and error.  

c. Design, conduct, and interpret a simple comparative experiment.  

• Formulate questions and identify quantitative measures that may be used to provide 
answers. 

• Draw appropriate conclusions from the collected data.  

PS.E.5 Statistical inference 

a. Estimate population parameters (point estimators and confidence intervals). 

b. Know common tests of significance and use them to test hypotheses. 

c. Know and explain the difference between mathematical and statistical 
inference. 

 


