Common Differences

A-E Strand(s): Discrete Mathematics and Algebra. Sample Courses: Middle School Course 2,
Middle School One-Year Advanced Course, Integrated 1, and Geometry.

Topic/Expedation
D.C.2 Mathemaitcal rea®ning
c. Explainand illustrate the role of definitions, conjectures, thearems, proofs and
counterexamplesin mathemaical reaning.

Other Topic/Expectdtion(s)
A.A.1 Variadesand expressions
d. Identify and trarsform expressionsinto equivalen expressions.

Rationale

Thistask illugrates mathematical reasoning usngagenera conjecture tha students can prove by
building from specific examplesto agenera case. The proofisincorporated into an algebraic
context, something not often donein mog textbodks.

| nstr uctional Task

An arithmetic sequenceisalist of real numbers in which each term is the sum of the previous
term and a congant (called the common difference). For example, 46, 51, 56, 61, 66, 71, 76isan
arithmetic sequence of seven nunbers with first number 46 and each subsequent number 5 more
than the previousnunber. Five is thecommon difference of the sequence, and each of the seven
numbersis aterm of the sequence. Thesum of theterms of asequenceis called a series.

On anumber ling an arithmetic sequence is represented by a set of points tha have a congant
interval between each successive point.

46 51 56 61 66 71 76

1. Findashortcut for findingthe sum of the seven termsin this sequence. State your shortcut as
amathematical conjecture, usng clear and correct mathematical language Make a
mathematically convindng argument to demondrate that your conjecture works.

2. Test your conjecture to determine whether it works for finding the sum of an arithmetic
sequence with 5 terms. What aboutfor aseries with 9 terms? Will your conjecture work for a
series with 6 terms? Modify your conjecture, if necessary, so it will work in each of these
stuaions
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3. Refineyour conjecture to describe a general techniquetha will work for finding the sum of
thetermsin any arithmetic sequence, regardless of whether the sequence has an even or an
oddnumber of terms. Make a mathematically convincng argument for your conjecture.

Discussion/Further QuestiongExtensions

Depending on the studentsOevel's of undestanding, theteacher may want to use a sequence with
an even nunmber of termsto begin thistask, rather than beginning with an odd nunmber of terms.
This may hdp some students see shortcuts more easily.

Algebrall students should be able to complete this task withoutmuch scaffolding, especialy if
they work in groups an appropriate approach for this kind of task. Providing too much
scaffolding can unnecessarily lower the complexity and richness of thetask. However,
depending on studentsOexperience, teachers may choo to spur studentsCthinking by guiding
them to find pars of terms tha averageto the mean.

Note: Asapoint of reference, teachers may recall tha the sum of consecutive integers can be

representedas (1+2+3+...+n)= | n:n(n2+]).
1

Extension

Depending on studentsOevel's of undestanding and ther past experiences, students could be
asked to provether conjectures rather than make a convinang argument. This would either build
on or stimulate discussion aboutwhat is required of an algebraic proof.

Sample Solutions

1. Findashortcut for findingthe sum of the seven termsin this sequence. State your shortcut as
amathematical conjecture, usng clear and correct mathematical language Make a
mathematically convindng argument to demondrate that your conjecture works.

Answers may vary.

Conjecture: The sumof the seven termsis equal to seven multiplied by themiddle termin the
sequence. 46+ 51+ 56+ 61+ 66+ 71+ 76= 427 = 7(61).

Possible argument for method 1 (based on howfar each termisfromthe middle term):

First rewrite all theterms based onthemiddle value (61) plusor minusthe appropriate
valuethatwill yield the nunber at that place in the sequence:

= (61D15)+ (61D10)+(61D5)+ 61+ (61+5) + (61+ 10) + (61+15

Then use the commutative and assodative propeties of equality to rearrangeandgroup
compatible terms:

=61+61+61+61+61+61+61D15+15D10+ 10D5+5
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Use the additive inverse and additive identity properties of equality to simplify:
=61+61+61+61+61+61+61
Rewrite the multiple additionin terms of multiplication:
= 7(61)
Possible argument for method 2 (based on pairing the nunbers, asin the Gaussian method).

Addingthefirst andlag termstogeher gives the same sumasadding the secondand
secondto lag termstogeher, andso on. Themidde termis half of that sum

46 + 51 + 56 + 61 + 66 + 71 + 76

|
15(122)

122

122

122
Using thedistributive propety of equality, addthethree sums and middle term together.

Changethe mixed nunber to animprope fraction to smplify the calculation. This gives
ustheexpression of half the nunber of terms times the sumof thefirst andlag nunber.

Using the commutative and assodative propeties, rearrangeandregroupthetermsto
smplify to seven times the middle term, matching thefirst method. This smplificationis
also equal to thenunber of terms times the mean of thefirst andlag terms.

1 1
3122+ (122 =3-(122)

_r!
=122
_ 7122
=7( > )
= 7(61)

2. Test your conjecture to determinewhether it works for finding the sum of an arithmetic
sequence with 5 terms. What aboutfor aseries with 9 terms? Will your conjecture work for a
series with 6 terms? Modify your conjecture, if necessary, so it will work in each of these
stuaions

Method 1:
5 terms
46+ 51+ 56+ 61+ 66 = 5(56)
280 =280
It works!
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9terms
46+ 51+ 56+ 61+ 66+ 71+ 76+ 81+86 = 9(66)
594 =594
It works!
6 terms

46+ 51+ 56+ 61+ 66+ 71= 6(?)

It does notwork, asthereis no middle term. However, it would work with the mean of the

(56 +61)

two middle terms, =58.5.

46+ 51+ 56+ 61+ 66+ 71= 6(585)
351=351
Now it works!
Method 2:
5 terms

46+ 51+ 56+ 61+ 66 = (46+ 66) +(51+ 61) +56

2112+ %(112)

5
S (112)

280 =280
It works!
9 terms

46+ 51+ 56+ 61+ 66+ 71+ 76+ 81+86
(61+ 71)+ 66

(46+ 86) + (51+ 81)+ (56 + 76)+

4132+ %(132)

9
= 5(132)
594 = 594
It works!
6 terms
46+ 51+ 56+ 61+ 66+ 71= (46+ 71) + (51+ 66)+ (56 + 61)
= 3(117)
351 =351
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It works, even thoughthere isno middle nunber. In fact, having an even nunber of terms
in the sequence eliminates fractions so the calculationis simpler.

3. Refineyour conjecture to describe a general techniquetha will work for finding the sum of
thetermsin any arithmetic sequence, regardless of whether the sequence has an even or an
oddnumber of terms. Make a mathematically convincng argument for your conjecture.

Ansvers may vary. Two possible solutionsare shown:

Conjecture: Thesumof thetermsin an arithmetic sequence is equd to half thetotal nunmber
of terms multiplied by thesumof thefirst andlag terms.

Since two terms are addel togeher to get onesum(see Gaussian methodabovwe), haf the
nunber of termswill deerminethe nunbe of suns. Since these suns are always equal to
thesumof thefirst andlag terms, then we can use this sum This works for an even or
oddnunber of terms.

For the general sequence:
a+a+d)+@+2d)+ . . . +(a+n-2)d) +(a+(n-1)d) +(a+nd)

(a+2d) + (a + (n-2)d)
2a+nd

(@+d)+ @+ (n-1)d)
2a+nd

a+ (a+ nd)
2a+nd

Your nunber of termswill always be onemore than your nunber of differences, making

In+1 .
thenunber of termsn + 1. Your formula would be #nngZa+ nd), where nisthe

nunber of differences thathawe been addeal, a is the value of thefirst term, andd isthe
difference between each term of the sequence.
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Conjecture: Thesumof thetermsin an arithmetic sequence is equal to the mean of thefirst
andlag termtimes the nunber of terms.

at+(@a+d)+ (a+2d +E+ (a+ N0) = g+ goga+d 424 #3dg phud =

(n+1 terms) (n terms)
=a(n+1)+d(@1+2+3+E +n)

=a(n+1)+d w; (seeDiscussion section)

:2a! (n;-l)éf+ d ! n(n2+ 1);

_ 2a(n+1)+d[n(n+1)]
2
_ (n+)(a+a+dn)
2

I (a+a+dn)$
7

Using the commutative, assodative, and distributive propeties, andfinding common
denoninators, we were able to demongrate mathematically howthe sumof an arithmetic
sequence can befoundby multiplying the nunber of terms by the mean of thefirst and
lag term of the sequence.
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