Bighorn Sheep

A-E Strand(s): Algebra. Sample Courses: Integrated 3, Algebra |, and Algebra ll.

Topic/Expectation
A.C.1 Elemertary functions
f. Recanizeand solve problemsthat canbe modeled using exponertial and power
functions; interpret the solution(s) in termsof the context of the problem.

Core Algebra I1 EOC Content
EOC: X1. Exponertial functions

a. Determine key characteristics of exponertial functions ard their graphs.

c. Dexribethe effect that changesin the parameter of an exponertial function have on the
shape and position of its graph.

d. Recanize, express, and solve problemsthat canbe modeled using exponertial functions,
including those where logarithms provide an effi cient method of solution. Interprettheir
solutions in termsof the context.

Rationale

In thistask, students modd a situaion with exponential fundionsin order to make predictions
and solve problems.

Instructional Task

Amongthe many species that have been endangered at onetime or another isthedesert bighan
sheep. Thedesert bighan shegp are sengtive to human-indueed problemsin the environment
and ther nunmbers are therefore a goodindicator of land health.

It is estimated tha in the 1600s there were about1.75 million bighan sheep in North America.
By 1960, the bighom shesp popuktionin North America had droppel to about17,000 There
appears to have been asimilar declinein west Texas, where wildlife biologists have daa
showing tha in 188Q there were around1,500bighom sheep in west Texas and by 1955 the
popuktion had dwindled to 25in tha area. Effortsto reintrodue desert bighom sheep in west
Texas began around1957and by 1993 there were about400desert bighan sheep in west Texas
roaming free or in captivity.

1. Assumetha theannud percentage decrease in thebighom sheep popuktionin west Texas
was fairly condant from 1880to 1955 Modd thebighom sheep popuktionfor any year in
this rangewith an exponential fundion of theform P = abf, where t isthe number of years
since 1880, aisthe popuktion of thebighom shesp in west Texasin 1880,b istheannud
rate of decay, and P istheannud bighom sheep population in west Texas for the given year.

2. Assumetha, startingin 1957when reintrodudion began, the annud percentageinaeasein
thebighom shesp popuktionin west Texas was fairly congant. Modd the bighom sheep
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popuktion for any year since 1957with the exporential fundion, P = abl, wheret isthe
nunmber of years since 1957,b istheannud rate of growth, P istheannud bighan sheep
popuktionin west Texas for thegiven year, and a is the bighom sheep popuktionin 1957.

3. Describethemathematical domain and rangevalues for thetwo fundionsin questions1 and
2. Describereasonable domain and rangevalues for the actud situaionsmodded by these
fundions Explain any differences between the two types of domaeinsand ranges
(mathematical and situaiond).

4. From 1880to 1955 by wha percentage was the population decreasing annudly? From 1957
to 1993, by wha percentage was the popuktion increasing annudly?

5. By wha year had the sheep popuktion droppel to 750 or fewer? Use technology (tables
and/or graphg and agebraic methodsto determinethis. Explain your reasoning.

6. If thereintrodudion program continues, in what year will the bighom sheep popuktion agan
beat least 750?Use technology (tables and/or graphs) and algebraic methodsto determine
this. Explain you reasoning.

7. In2001,it was reported that there were 500 bighan sheep in west Texas. Is this number
congstent with the number predicted by the exporentia modd for reintrodudion?Why or
why not?

Discussion/Further Questions/Extensions

Thistask provides an oppatunity to discuss the similarities and differences between a congant
rate of growth from amultiplicative perspective (exponential growth or decay) compared to a
condant rate of growth from an additive perspective (linear growth). Thecondant b in the
exponaitial fundionrule P = ab' plays an important role for the fundion tha in some ways
resembles therole of thecongant min thelinear fundionruley = mx + b. Students may benefit
from consdeingthedifferencesin exponential functionswhen thevalueof b is greater than one
versuswhen it isless than one

As atopic for extensgon discussion, students can explore the conaepts of hadf-life and doulding
timein othe types of problem situaions

Extenson questions

1. Why are exponential fundionsused to modd decline and growth in desert bighan shegp
popuktions?

2. Inquestion 5, youfoundtha the 1880popuktion of 1,500bighom shegp had declined to 750
(onehdf itssize) in 127 years. In other words itshdf-life was 127 years. After another
12.7 years, what will the popuktion be?

Charles A. Dana Center 2



Bighorn Sheep

3. Suppose wildlife experts develop anew reintrodudion program with a predicted popuktion
increase of 5% to 8% per year. For this rangeof percentageincrease, how many years might
it take the popuation to doubk?

Sample Solutions

1. Assumetha theannud percentage decrease in thebighom sheep popuktionin west Texas
was fairly congant from 1880to 1955 Modd thebighom sheep popuktionfor any year in
this rangewith an exponential fundion of theform P = alf, where t is the number of years
since 1880, a isthe popuktion of thebighom shesp in west Texasin 1880,b istheannud
rate of decay, and P istheannud bighom sheep population in west Texas for the given year.

Congder theindgpendent variable for the situatonto betime, t, in years since 1880.This
meansthattheyear 1880would correspondto t = 0, when the shegp popultionis 150Q

Likewise, 1955would correspondto t = 75, when the shegp popubtionis 25.

Thegeneral modd for exponential fundionsis P = ab’. Sibgtituting O for t and 1500for P
gives a = 1500Q regardless of thevalue of b. When written in theform (t, P(t)), these two
data pointsare (0, 1500)and (75, 25).

Use thepoint (75, 25) to find thevalue of b. Subsitute 75 for t and 25 for P in the function
rule, andsolve for b.

1500b" =25
b” =0.0167
b=(0.0167)""
b=0.947

Thus therate of decay for this situationis 0.947. Themodd for thedecreasng bighom
sheep popuktion from1880through1955 therefore, is P =150000.947)" .

2. Assumetha, startingin 1957when reintrodudion began, the annud percentageinaeasein
thebighom sheep popuktionin west Texas was fairly congant. Modd the bighom sheep
popuktion for any year since 1957with the exporential fundionP = ab, where tisthe
number of years since 1957,b istheannud rate of growth, P istheannud bighan shegp
popuktionin west Texas for thegiven year, and a is the bighom sheep popuktionin 1957.

For thereintrodudion modd, let 1957 correspondto time O (t = 0). Then 1993will
correspondto time 36 (t = 36).

Using themodd given in question 1, we can determine the popuhbtionin 1957 Since 77
years separate 1880and 1957,t = 77.

P =15000.947)'
=1500(0.947)"
= 22.649

~23
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Two data points that can be used for our new model might be based ontheyears 0 and 36, or
(0, 23) and (36, 400) Witht = 0 andP = 23,P = abl givesa = 23.

Now we can subgitutet = 36 andP = 400in P = 23’ to solve for b.

23* =400
b** =17.39

b=17.39%¢
b! 1.083

Themodsd for theincreasng popuhtionis P = 231.083'.

3. Describethemathematical domain and rangevalues for thetwo fundionsin questions1 and
2. Describereasonable domain and rangevalues for the actud situaionsmodded by these
fundions Explain any differences between the two types of domainsand ranges
(mathematical and situaiond).

Since these are exponential modds, the mathematical domain for both moddsis the set of all
real nunbers. Since thereis no vertical shift, therangeisthe set of all postive real nunbers.

Domain(-/,/)or{x: -/ <x</}
Range(0, / ) or {y: y> 0}

For this particular situation, the domain for the decreasng popultion modd is the set of
real nunmbersfromO to 77 indugve (corresponding to theyears from 1880to 1955) Sudents
might make a case for the domain conssting of integers only; however, we might be
interested in growth at different points during a year, which suppotts a domain congsting of
real nunbersrather thanintegers. Therangefor themodd isthe set of integersfrom25to
1500, corresponding to theroundel values for thedomain {25, 26,27, .. .1500}where, in a
table of values, we are rounding down to the nearest sheep in theannualcount

Thedomain for theinareasng popultion modd isthe set of non-negative real nunmberswith
t = 0 corresponding to 1957.Snce thereintrodudion project continues, there appersto be
no uppe boundonthedomain. Therangeisthe set of integers beginning with 23 {23, 24,
25,26, 27, . .. .}. Sudents should judify reasonabke maximumvalues for both the domain
andrange

Thedomain and therefore, therangewill berestricted by practical concernssuch asspace
andavailable foodandwater for the sheep, aswell asreasonabk limits on theyearsto be
modded.

4. From 1880to 1955 by wha percentage was the population decreasing annudly? From 1957
to 1993,by wha percent was the popuktionincreasing annudly?

In thedecreasng popubltion modd, b = 0.947;thus theannualpercentagedecreaseis
about5.3% because 1 ©0.947= 0.053.

In theincreasng popultion modd, b = 1.0825 thus theannualpercentageincreaseis
about8.3% because 1.083= 1+ 0.083
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5. By wha year had the sheep popuktion droppel to 750 or fewer? Use technology (tables
and/or graphg and algebraic methodsto determinethis. Explain your reasoning.

To deermine howmanyyears it takes the decreasng popultion to drop to at mog 750
sheep, we use the calculator® graphor table fundions Let Y, = 1500(0.947)* and

Y2 = 750.Graphthefundions andfind the point of intersection.

THOON
Hmin=-2

“max=od
#=cl=2 RRMM
Ymin=-18

Vmax=2000
Wscl=230 Intekscckion
#res=1 #=iz.PEEES L YSPED

Thegraphshowsthatit takes nearly 13 years for the popultion to decrease to 750 sheep.

Thetable shows thatin 12 years, the populbtion hasdropped to 780 sheep, andin 13 years,
it hasdropped to 738

# N N

9iB.EY | 7
grody | 7
Bzh0z | 7
7
7

59,63 | FEO
BEZ.FH | FEO

1=738. 9941 2556

To see thisalgebraically, we mug solve the equaton:
150Q(0.947%" = 750
(0.947' =0.5
_ In(0.5)
" In(0.947)
t!12.729

Toward theend of 1893(since 1880+ 13 = 1893), the sheegp popuktion would be about750.

Fromthat point on, it would get smaller, since the populationis decreasng.

6. If thereintrodudion program continues, in what year will the bighom sheep popuktion agan

beat least 750?Use technology (tables and/or graphs) and algebraic methodsto determine
this. Explain your reasoning.

We use the same procedure to determinewhen theinareasng popuktion will again reach
750shesp. Let Y, = 23(1.083* and Y, = 750.
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It will take 44 years after 1957for the sheep popuktionto reach 750,
To showthis algebraically, we solve the equaion:
23(1.083' =750
1.083 = 32.609
£ = In(32.609
In(1.083
t =~43.702

Sonetime during 2001 (since 1957+ 44 = 2001) the popuktion should hawe hit 750again
andthen continued to increae.

7. In 2001,it was reported that there were 500 bighan sheep in west Texas. Given the
reintrodudion modd, isthis reasonale? Why or why not?

Themodd for theinareasgng popuhtion shows thatin 2001, there should hawe been abou
768bighom shesp in west Texas Thedata showed only 500. The modd assumes that annual
growth occurs at a condant rate. This assunptionis probably notrealistic for this situation
because a nunber of factors can affect the size of the sheep popuktionN weather, disease,
predators, foodandwater supply, etc.
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